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The possibility of focusing light to an ever tighter spot has important implications for many
applications and fields of optics research, such as nano-optics and plasmonics, laser-scanning mi-
croscopy, optical data storage and many more. The size of lateral features of the field at the focus
depends on several parameters, including the numerical aperture of the focusing system, but also
the wavelength and polarization, phase and intensity distribution of the input beam. Here, we study
the smallest achievable focal feature sizes of coherent superpositions of two co-propagating beams
carrying opposite orbital angular momentum. We investigate the feature sizes for this class of beams
not only in the scalar limit, but also use a fully vectorial treatment to discuss the case of tight focus-
ing. Both our numerical simulations and our experimental results confirm that lateral feature sizes
considerably smaller than those of a tightly focused Gaussian light beam can be observed. These
findings may pave the way for improving the resolution of imaging systems or may find applications
in nano-optics experiments.
Introduction —The utilization of spatially structured
light beams has proven beneficial in many fields of op-
tics research (see [1–3] and references therein). For
instance, phase-structured or polarization-tailored light
beams, such as scalar Laguerre-Gaussian (LG) beams
carrying orbital angular momentum (OAM) or cylindri-
cal vector beams, hold great potential in nanoplasmon-
ics and nanophotonics [4–18], optical manipulation and
trapping [1, 3, 19–21], optical communication and sens-
ing [22–25] and many more. Very prominent examples of
research areas where structured light has paved the way
for unprecedented enhancements are the fields of imag-
ing and nanoscopy [26–28]. In the limit of tight focusing
of light beams, the electromagnetic field distribution can
become highly complex in the focal plane [5–8, 29]. In
this context, the occurrence of longitudinally oscillating
field components or, more generally, of three-dimensional
field distributions gives rise to a variety of interesting
effects and phenomena, including spin-to-orbit coupling
[30], transverse angular momentum [31–34], the creation
of complex polarization topologies [35] at the nanoscale,
and also the possibility of focusing light more tightly, as
observed for instance for radially polarized light [4, 7].
In this letter, we study both theoretically and exper-
imentally the smallest achievable lateral feature sizes –
in terms of the field structure – of specially structured
light beams created by the superposition of collinearly
propagating LG beams of light forming so-called petal
beams. In particular, we investigate such beams not
only in the limit of paraxial propagation, but also use
a fully vectorial treatment to discuss the case of tight
focusing. We show that the smallest achievable feature
sizes in such beams can reach sub-wavelength dimensions,
and they depend on the OAM carried by the superposed
light beams.
Starting with the simple case of a plane wave imping-
ing on a lens with circular aperture, the intensity pat-
tern formed in the focal plane of the lens can be calcu-
lated using scalar diffraction theory as long as the beam
is propagating paraxially. It has the shape of an Airy
disc described by a first-order Bessel function (see for in-
stance [18]). The size of this focal intensity pattern can
be quantified by its radius dR measured from the max-
imum intensity on-axis to the first null of the intensity
distribution. dR depends on the numerical aperture (NA)
of the lens used for focusing and the wavelength λ of a
plane wave as follows:
dR ≈ 0.61
λ
NA
. (1)
Consequently, this equation can be used to estimate the
spot size (in the scalar limit) for a plane wave focused by
a lens with circular aperture. We note that Eq. (1) is also
the result of applying the famous resolution criterion of
Lord Rayleigh to the imaging of two closely spaced point-
like emitters [18, 36, 37], in which case dR refers to the
minimum resolvable distance of the two emitters.
As is customary and for simplicity, we will use Eq. (1)
as gauge for feature sizes also in the regime of high NA
focusing where the scalar theory has limited validity. To
get a more accurate description of this scheme, vectorial
diffraction theory must be applied, taking into account
the polarization of the illumination and the effect of de-
polarization upon focusing [8, 29].
2Petal beams and their paraxial propagation —A mul-
titude of different practical methods capable of gener-
ating high-quality light beams carrying orbital angular
momentum [38] have been discussed and demonstrated
to date. Amongst others, methods based on cylindrical
lenses [1], helical phase-plates [39] as well as dielectric,
liquid-crystal-based or plasmonic q-plates [40, 41] have
been shown. However, the most flexible and tunable
generation of LG beams or their superpositions can be
realized using spatial light modulators [42].
If two linearly (x-)polarized LG beams of lowest ra-
dial order carrying orbital angular momentum of oppo-
site sign (LG0l, LG0−l for l 6= 0) co-propagate collinearly,
their equally weighted superposition carries no net angu-
lar momentum and forms a ring-shaped light beam, con-
sisting of 2|l| intensity lobes or petals along the azimuthal
coordinate. This is a direct consequence of the inherent
azimuthal phase structure of the two beams, resulting in
multiple zero-crossings of the electric field along the ring
following a cos2(|l|φ) intensity modulation with φ the az-
imuthal coordinate (see Fig. 1 for the case of |l| = 8). For
the sake of convenience, we have set the radial index of
the LG-modes to 0. Some properties as well as the gener-
ation and application of these so-called cogwheel or petal
beams have been studied and discussed in the literature
(see for instance [43–49] and references therein).
The half-distance between neighboring petals (peak-to
valley distance), equivalent to Eq. (1), here denoted as
dp (see also Fig. 1a), can be easily calculated from the
ring radius r and the number 2|l| of petals
dp =
1
2
2pir
2|l|
, (2)
for |l| ≥ 2. Strictly speaking, this geometrical derivation
of the half-distance between neighboring petals is only
correct in the limit of large values of |l| or equivalently
a large number of petals formed along the ring-like petal
beams. For small values of |l|, dp overestimates the ac-
tual half-distance because it measures it along an arc and
not along a straight line. Therefore, we restrict Eq. (2)
to cases where |l| ≥ 2, because with the case |l| = 2, the
beams start to form ring-like distributions of petals.
At first glance one might be tempted to believe that
by reducing the radius r, e.g., by focusing the petal beam,
or alternatively by keeping the beam radius fixed but in-
creasing the number of petals 2 |l|, arbitrarily small val-
ues of dp could be achieved. However, an arbitrarily large
improvement is not possible as we will show below. From
[50–52] it is known that for a paraxial beam LG0l and,
hence, also for the superposition of LG beams as dis-
cussed here, the divergence angle α is a function of the
beam radius r, the wavelength λ, and the absolute value
of the phase charge |l| carried by the individual beams in
the superposition, and reads
tanα = (|l|+ 1)
λ
2pir
. (3)
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FIG. 1. (a) Numerically calculated electric energy density (nor-
malized to the maximum value of |E|2) and (b) phase distributions
of an x-polarized petal beam for |l| = 8, λ = 535 nm and w0 = 0.65
mm.
It is worth noting here that the divergence angle α of the
beam under investigation might become already consid-
erably large for high values of |l|, even for beam radii
r ≫ λ, hence necessitating a non-paraxial treatment.
However, it is still very instructive and convenient to
retrieve an analytical expression for dp for the paraxial
regime. In the paraxial case, the small-angle approxima-
tion tanα ≈ α ≈ sinα = NA can be applied. Together
with Eqs. (1) and (3), Eq. (2) can be rewritten for the
paraxial case and |l| ≥ 2 to now read
dscalarp ≈
|l|+ 1
4 |l|
λ
NA
=
|l|+ 1
2.44 |l|
dR. (4)
For the limiting case lim|l|→∞ d
scalar
p =
dR
2.44
. Conse-
quently, the smallest feature sizes of a paraxially prop-
agating petal beam given by the peak-to-valley distance
(half the petal spacing) can be smaller than the limit dR
as defined in Eq. (1) by a factor of 1
2.44
. This first simple
result shows that by taking advantage of the azimuthal
phase structure of LG beams and the interference of two
such beams carrying phase vortices of opposite sign, the
smallest observable feature sizes along the azimuthal di-
rection can indeed be reduced considerably. Nonetheless,
this simple and straight-forward calculation immediately
demonstrates that dscalarp cannot reach arbitrarily small
values, even not in the framework of scalar treatment.
The value of dscalarp saturates very quickly for increasing
values of |l| (see also Fig. 3a for the case of high NA). In
addition, it should be noted here that this reduction of
petal sizes along the azimuthal direction also causes an
increase of the radial petal size (see Fig. 1).
Tight focusing of petal beams —As already mentioned
above, the divergence angle of petal beams, or equiva-
lently LG0l beams in the superposition, depends on the
value |l| [50–52]. Therefore, it seems to be appropriate to
also study the parameter dp in the limit of strong focus-
ing, using a fully vectorial and nonparaxial description
[29]. In this context it is well-known that upon tight fo-
cusing of a light beam, its spatial field distributions may
change significantly [4, 7, 29, 35], accompanied by the
appearance of longitudinal field components, i.e. com-
3ponents of the electric field oscillating along the propa-
gation direction. This shows that the polarization state
and spatial structure of a light beam has a crucial influ-
ence on the shape and size of the focal spot.
Using vectorial diffraction theory, we therefore calcu-
lated the focal field distributions of tightly focused lin-
early x-polarized petal beams. Without the loss of gen-
erality, we only show the components of the electric field
here. Fig. 2a shows the corresponding numerical re-
sults of the focal field distributions for the input beam
shown in Fig. 1, focused with a microscope objective of
NA = 0.9. The relative size of the input beam for this
example (|l| = 8) and for all other cases of |l| was chosen
such that the corresponding beams filled the entrance
aperture of the objective lens (for |l| = 8, beam waist
w0 = 0.65 mm). The total electric energy density dis-
tribution |E|
2
still shares some similarities with the orig-
inal input beam, but the intensity lobes along the ring
are not equally strong anymore. In addition and even
more importantly, the visibility of the intensity lobes lo-
cated close to the y-axis is significantly reduced. Both
effects are dominantly caused by the appearance of lon-
gitudinal field components peaking on the y-axis, where
the dominant x-component of the electric field is zero
(see corresponding distribution of |Ez|
2
in Fig. 2a). In
addition, a comparatively weak crossed in-plane compo-
nent |Ey|
2
is also observed. All distributions are shown
in Fig. 2a. It is also worth noting here that, if the input
beam was chosen to be circularly polarized, the longitu-
dinal electric field component would form a symmetric
ring of intensity lobes, consequently reducing the visibil-
ity of all lobes in the total electric energy density along
the full ring [49]. By choosing linearly polarized light at
the input, this problem can be circumvented and regions
of optimum visibility with respect to the electric field dis-
tribution can be found as discussed above.
From the numerically calculated focal field distribu-
tions, we now retrieve the peak-to-valley distances in the
regions of highest visibility (distance measured from the
x-axis to the neighboring electric field maximum of |E|2),
here denoted as dvectorp (see also Fig. 2a). Alternatively,
the circumference of the ring-like intensity distributions
can be retrieved from the calculated data and, subse-
quently, divided by twice the number of petals, as it was
done in the paraxial treatment discussed above.
Because the total electric energy density or the elec-
tric field intensity distribution for small |l|-values evolves
from a single or dual-lobe pattern into a ring-like dis-
tribution of intensity maxima, we need to define how
the values of dvectorp are determined for those cases. In
Fig. 3b, we therefore show the corresponding focal dis-
tributions of |E|2 for the cases of |l| = 0 (fundamental
Gaussian beam; x-polarized HG00 beam), |l| = 1 (first
order Hermite-Gaussian beam; x-polarized HG01 beam)
and |l| = 2 (x-polarized HG11 beam). For a linearly po-
larized Gaussian beam (|l| = 0), the distance dvectorp is
a
b c
FIG. 2. (a) Focal distributions of the electric energy density of
the individual electric field components |Ex|2, |Ey|2 and |Ez |2 as
well as the total electric energy density |E|2 of a tightly focused
petal-like beam with |l| = 8, λ = 535 nm, w0 = 0.65 mm (see
also Fig. 1). All distributions were numerically calculated using
vectorial diffraction theory [29] and normalized to the maximum
of the total electric energy density. (b) Schematic of the experi-
mental setup (similar to Ref. [12]). An x-polarized Gaussian beam
of wavelength 535 nm is converted into a petal beam by means of
a liquid-crystal-based spatial light modulator (SLM; phase-only).
The beam is focused by a microscope objective with a numeri-
cal aperture (NA) of 0.9. A 150–nm diameter gold bead is raster
scanned using a three-dimensional piezo-stage through the focal
plane of the light beam to determine the focal distribution. The
transmitted and forward-scattered light is collected by a high-NA
(1.3) oil-immersion lens and measured with a photodiode. (c) An
experimental scan showing the total electric energy density distri-
bution of the beam under study as shown in (a).
measured from the optical axis to the first zero-crossing
of the electric field along the y-axis perpendicular to the
input polarization (see Fig. 3b). Similarly, we retrieve
this value for the cases |l| = 1 and |l| = 2.
The retrieved values of dvectorp as a function of |l| are
plotted in Fig. 3a (red) with a step size of 1 (5) for |l| < 35
(|l| ≥ 35) and NA = 0.9, λ = 535 nm, together with dR
calculated from Eq. (1) (black solid line). The beam
waist parameter w0 for each input beam was chosen such
that the outer radius, at which the modulus of the elec-
tric field |E| reaches a value of max(|E|)/e, was coinciding
with the edge of the entrance aperture of the focusing lens
(see sketch in Fig. 2b). In addition, we also include the
corresponding values of dscalarp (see also Eq. 4) for |l| ≥ 2,
4a
FIG. 3. (a) Dependence of peak-to-valley distances on |l| retrieved
from the analytical paraxial treatment (dscalar
p
; green) and from
vectorial diffraction theory (dvectorp ; red) for λ = 535 nm focused
with a microscope objective of NA = 0.9. The experimental data
(blue) is plotted for the experimentally accessible range of values
for |l| = 0–40. The inset shows the dependence of the beam radius
in the focus on |l|. (b) Distributions of the total electric energy
density |E|2 of tightly focused petal beams for the special cases of
|l| = 0, 1, 2.
resulting from the scalar treatment (green), here applied
to the case of high NA.
As can be seen, the values of dscalarp , which result from
the scalar, fully paraxial and analytical treatment of the
petal beams, predict smaller peak-to-valley distances in
comparison to the actual distances dvectorp retrieved from
a fully vectorial calculation. In fact, the same holds true
for dvectorp ||l|=0 (fundamental Gaussian beam), which can
be compared to dR. Also here, the approximate scalar
theory (see Eq. (1)) predicts a smaller value. However,
in both theoretical cases, the peak-to-valley distances de-
crease with increasing |l| before they eventually saturate.
This analysis reveals that for the wavelength and the
focusing parameters used in this example, the peak-to-
valley distance reaches a minimum value dvectorp ≈
1
2.25
dR
for |l| ≫ 1. This minimum value was retrieved from an
extrapolation of the data for dvectorp shown in Fig. 3a.
As mentioned already, this limit is different to the afore-
mentioned value dscalarp =
1
2.44
dR for large values of |l|,
resulting from the paraxial treatment. In Fig. 3a (inset),
we also plot the dependence of the beam (ring) radius
r on |l|. For both theoretical treatments (paraxial and
nonparaxial), a linear dependence of the beam radius on
|l| is found. In other words, the beam diameter or ra-
dius is growing linearly with increasing |l|. However, the
smallest observable feature sizes of the beam, dvectorp and
dscalarp (petal sizes), in both regimes decrease with in-
creasing |l| until they reach a limit, which is far below
the value of dR in Eq. (1). From this perspective, Eq. (4)
can be seen as an adapted version of Eq. (1) for petal
beams taking into account the spatial structure of light.
It is worth noting here that the observed minimal lat-
eral feature size for petal beams of the shown type are
even considerably smaller than for those cases discussed
in the literature, for instance for tightly focused radially
polarized light beams [7], and they show higher visibility.
Experimental realization —To experimentally verify
our theoretical findings, we also performed scan measure-
ments for tightly focused petal beams (|l| = [0, 40]). For
that purpose, a custom-built scanning setup was used
[12] (Fig. 2b). A linearly x-polarized Gaussian beam at
a wavelength of λ = 535 nm was converted into a petal
beam, i.e. a superposition of two collinearly propagat-
ing LG0l and LG0−l beams, using a liquid-crystal-based
phase-only reflective spatial-light-modulator (SLM) [42,
53, 54] in a single-pass configuration. The beam was
then focused with a microscope objective (NA = 0.9).
The focal electric energy density distribution was raster-
scanned by a gold nanoparticle of diameter 150 nm placed
on a glass substrate. To be able to compare the ex-
perimental results with the numerical calculations based
on the vectorial diffraction theory, the waist of the in-
put beam was chosen appropriately to fill the aperture
of the objective lens, as described before. The focused
beam was scanned by changing the position of the gold
nanoprobe using a three-dimensional piezo-stage. For
each position of the particle relative to the optical axis
within the focal plane, the transmitted and forward-
scattered light was collected by a second oil-immersion
objective lens (NA = 1.3) and measured with a photo-
diode. Both microscope lenses were aligned confocally.
The chosen plasmonic sub-wavelength particle is perfect
for probing the local electric field. While scanning the
beam, the particle is excited depending on its relative
position. Consequently, a raster-scan measurement re-
sults in a two-dimensional scan image, where a signal
decrease is in first approximation proportional to the lo-
cal electric energy density and, therefore, containing in-
formation about its spatial focal distribution. It should
be noted here that for the chosen wavelength and par-
ticle size, a significant contribution of a quadrupole to
the scattering of the particle is expected. Furthermore,
a more advanced experimental method as described in
Ref. [55] should be used if the full field information (am-
plitudes and phases of individual field components) of the
beams under study need to be measured. In Fig. 2c, we
show the experimental result of a petal beam for |l| = 8
(equivalent to the case shown in Fig. 2a). The exper-
imental scan result is in very good agreement with the
numerically calculated distribution shown in Fig. 2a. The
fact that the longitudinal field components appear more
pronounced in comparison to the transverse field com-
5ponents is a direct consequence of the different collec-
tion efficiencies (defined by the lower objective) for light
emitted from a longitudinally or transversally oscillating
dipolar or quadrupolar modes excited in the particle.
Following the aforementioned procedure, measure-
ments for beams and petal beams with |l| = [0, 40]
were performed, and the peak-to-valley distances were
retrieved in the regions of highest visibility, equivalent to
the retrieval of dvectorp . The corresponding data is plot-
ted in Fig. 3a (blue). The experimentally retrieved values
are also in very good agreement with the data obtained
before, using vectorial diffraction theory.
Conclusions —In our study, we examine the spatial
distribution of the electric energy density of tightly fo-
cused petal beams both theoretically and experimentally.
Both the scalar as well as the fully vectorial theoretical
treatment of the investigated scheme predict a significant
reduction of the minimum observable feature sizes (peak-
to-valley distances) in comparison to the case of a plane
wave. This theoretical part of our study emphasizes the
importance of a fully vectorial and nonparaxial theory
for describing the propagation of the beams under inves-
tigation, especially for large values of |l|. In addition,
our experimental study, based on a nanoparticle utilized
as a scanning probe, confirms the theoretical predictions.
Such beams might find interesting applications in nano-
optics and plasmonics. If the field distribution of the
input beams superposed to form a petal beam was also
tailored in polarization in addition to the phase, the focal
field could be modified even further.
Acknowledgements —The authors thank A. Zeilinger
and M. Krenn for interesting discussions. PB acknowl-
edges financial support by the Alexander von Humboldt
Foundation and the Canada Excellence Research Chair
(CERC) in Quantum Nonlinear Optics.
∗ peter.banzer@mpl.mpg.de
[1] L. Allen, M. W. Beijersbergen, R. J. C. Spreeuw, and
J. P. Woerdman, Phys. Rev. A 45, 8185 (1992).
[2] Q. Zhan, Adv. Opt. Photon. 1, 1 (2009).
[3] M. J. Padgett and R. Bowman, Nature Photon. 5, 343
(2011).
[4] G. T. Di Francia, Il Nuovo Cimento (1943-1954) 9, 426 (1952).
[5] S. Quabis, R. Dorn, M. Eberler, O. Glo¨ckl, and
G. Leuchs, Opt. Commun. 179, 1 (2000).
[6] K. S. Youngworth and T. G. Brown, Opt. Express 7, 77
(2000).
[7] R. Dorn, S. Quabis, and G. Leuchs, Phys. Rev. Lett. 91,
233901 (2003).
[8] R. Dorn, S. Quabis, and G. Leuchs, J. Mod. Opt. 50,
1917 (2003).
[9] J. Kindler (ne´e Mu¨ller), P. Banzer, S. Quabis, U. Peschel,
and G. Leuchs, Appl. Phys. B 89, 517 (2007).
[10] T. Zu¨chner, A. V. Failla, A. Hartschuh, and A. J.
Meixner, J. Microsc. 229, 337 (2008).
[11] N. M. Mojarad and M. Agio, Opt. Express 17, 117
(2009).
[12] P. Banzer, U. Peschel, S. Quabis, and G. Leuchs, Opt.
Lett. 18, 10905 (2010).
[13] J. Sancho-Parramon and S. Bosch, ACS Nano 6, 8415
(2012).
[14] X. Zambrana-Puyalto and G. Molina-Terriza, J. Quant.
Spectrosc. R. 126, 50 (2013).
[15] M. Neugebauer, T. Bauer, P. Banzer, and G. Leuchs,
Nano Lett. 14, 2546 (2014).
[16] T. Bauer, S. Orlov, G. Leuchs, and P. Banzer, Appl.
Phys. Lett. 106, 091108 (2015).
[17] P. Woz´niak, P. Banzer, and G. Leuchs, Laser Photon.
Rev. 9, 231 (2015).
[18] L. Novotny and B. Hecht, Principles of Nano-Optics
(Cambridge University Press, 2006).
[19] H. He, M. E. J. Friese, N. R. Heckenberg, and
H. Rubinsztein-Dunlop, Phys. Rev. Lett. 75, 826 (1995).
[20] M. Meier, V. Romano, and T. Feurer, Applied Physics
A 86, 329 (2006).
[21] T. A. Nieminen, N. R. Heckenberg, and H. Rubinsztein-
Dunlop, Opt. Lett. 33, 122 (2008).
[22] C. Paterson, Phys. Rev. Lett. 94, 153901 (2005).
[23] G. A. Tyler and R. W. Boyd, Opt. Lett. 34, 142 (2009).
[24] M. Malik, M. O’Sullivan, B. Rodenburg, M. Mirhosseini,
J. Leach, M. P. J. Lavery, M. J. Padgett, and R. W.
Boyd, Opt. Express 20, 13195 (2012).
[25] S. Berg-Johansen, F. To¨ppel, B. Stiller, P. Banzer,
M. Ornigotti, E. Giacobino, G. Leuchs, A. Aiello, and
C. Marquardt, Optica 2, 864 (2015).
[26] S. W. Hell and J. Wichmann, Opt. Lett. 19, 780 (1994).
[27] B. Huang, M. Bates, and X. Zhuang, Annu. Rev.
Biochem. 78, 993 (2009).
[28] L. Schermelleh, R. Heintzmann, and H. Leonhardt, The
Journal of Cell Biology 190, 165 (2010).
[29] B. Richards and E. Wolf, Proc. R. Soc. A 253, 358 (1959).
[30] Y. Zhao, J. S. Edgar, G. D. M. Jeffries, D. McGloin, and
D. T. Chiu, Phys. Rev. Lett. 99, 073901 (2007).
[31] A. Aiello, N. Lindlein, C. Marquardt, and G. Leuchs,
Phys. Rev. Lett. 103, 100401 (2009).
[32] P. Banzer, M. Neugebauer, A. Aiello, C. Marquardt,
N. Lindlein, T. Bauer, and G. Leuchs, J. Eur. Opt. Soc.-
Rapid 8 (2013).
[33] A. Aiello, P. Banzer, M. Neugebauer, and G. Leuchs,
Nature Photon. 9, 789 (2015).
[34] K. Y. Bliokh, F. J. Rodriguez-Fortuno, F. Nori, and
A. V. Zayats, Nature Photon. 9, 796 (2015).
[35] T. Bauer, P. Banzer, E. Karimi, S. Orlov, A. Rubano,
L. Marrucci, E. Santamato, R. W. Boyd, and G. Leuchs,
Science 347, 964 (2015).
[36] E. Abbe, Arch. Mikrosk. Anat. 9, 413 (1873).
[37] J. W. S. Rayleigh, Philos. Mag. 42, 167 (1896).
[38] L. Allen, S. M. Barnett, and M. J. Padgett, Optical
Angular Momentum (Taylor & Francis, 2003).
[39] M. W. Beijersbergen, R. P. C. Coerwinkel, M. Kris-
tensen, and J. P. Woerdman, Opt. Commun. 112, 321
(1994).
[40] L. Marrucci, C. Manzo, and D. Paparo, Phys. Rev. Lett.
96, 163905 (2006).
[41] E. Karimi, S. A. Schulz, I. De Leon, H. Qassim, J. Up-
ham, and R. W. Boyd, Light: Sci. Appl. 3, e167 (2014).
[42] N. R. Heckenberg, R. McDuff, C. P. Smith, and
A. White, Opt. Lett. 17, 221 (1992).
[43] M. P. MacDonald, L. Paterson, K. Volke-Sepulveda,
6J. Arlt, W. Sibbett, and K. Dholakia, Science 296, 1101
(2002).
[44] A. Jesacher, S. Fru¨hapter, S. Bernet, and M. Ritsch-
Marte, Opt. Express 12, 4129 (2004).
[45] S. Franke-Arnold, J. Leach, M. J. Padgett, V. E. Lem-
bessis, D. Ellinas, A. J. Wright, J. M. Girkin, P. O¨hberg,
and A. S. Arnold, Opt. Express 15, 8619 (2007).
[46] C. H. J. Schmitz, K. Uhrig, J. P. Spatz, and J. E. Curtis,
Opt. Express 14, 6604 (2006).
[47] D. Naidoo, K. Aı¨t-Ameur, M. Brunel, and A. Forbes,
Appl. Phys. B 106, 683 (2011).
[48] I. A. Litvin, L. Burger, and A. Forbes, Opt. Lett. 38,
3363 (2013).
[49] M. Krenn, N. Tischler, and A. Zeilinger, New J. Phys.
18, 033012 (2016).
[50] S. Saghafi and C. Sheppard, Opt. Commun. 153, 207
(1998).
[51] M. A. Alonso, Journal of Optics 13, 064016 (2011).
[52] M. J. Padgett, F. M. Miatto, M. P. J. Lavery,
A. Zeilinger, and R. W. Boyd, New J. Phys. 17, 023011
(2015).
[53] V. D’Ambrosio, F. Cardano, E. Karimi, E. Nagali,
E. Santamato, L. Marrucci, and F. Sciarrino, Sci. Rep.
3, 2726 (2013).
[54] E. Bolduc, N. Bent, E. Santamato, E. Karimi, and R. W.
Boyd, Opt. Lett. 38, 3546 (2013).
[55] T. Bauer, S. Orlov, U. Peschel, P. Banzer, and G. Leuchs,
Nature Photon. 8, 23 (2014).
